Anomalous correlators of vector and axial currents which enter the Kubo formulae for the chiral magnetic and the chiral separation conductivities are explicitly calculated for free overlap fermions on the lattice. The results are confronted with continuum calculations in the finite-temperature regularization, and a subtle point of such regularization for chiral magnetic conductivity related to the correct counting of the chiral states is highlighted. In agreement with some previous claims in the literature, we find that in a lattice regularization which respects gauge invariance, the chiral magnetic conductivity vanishes. We point out that the relation of anomalous transport coefficients to axial anomaly is nontrivial due to the non-commutativity of their infrared limit and the Taylor expansion in baryon or chiral chemical potential. In particular, we argue that the vector and axial Ward identities fix the asymptotic behavior of anomalous current-current correlators in the limit of large momenta. Basing on the work of Knecht et al. on the perturbative non-renormalization of the transverse part of the correlator of two vector and one axial currents, we demonstrate that the relation of the anomalous vector-vector correlator to axial anomaly holds perturbatively in massless QCD but might be subject to non-perturbative corrections. Finally, we identify kinematical regimes in which the anomalous transport coefficients can be extracted from lattice measurements.
INTRODUCTION
Anomaly-related transport properties of systems of chiral fermions have become recently a subject of intense theoretical and experimental studies. Anomalous transport phenomena of particular interest for the physics of heavy-ion collisions are the Chiral Separation Effect (CSE) [1, 2] and the Chiral Magnetic Effect (CME) [3] . The Chiral Separation Effect is the generation of an axial current j A i along the magnetic field B i at nonzero chemical potential µ V :
The Chiral Magnetic Effect is the generation of an electric current j V i along the magnetic field at nonzero chiral chemical potential µ A :
For simplicity in this paper we assume that the numbers N c and N f of fermion colours and flavours and also the fermion charge are all equal to one. These numbers enter all the expressions which we use in this work as simple pre-factors and can be restored, if necessary, in a completely straightforward way. While the chemical potential µ V couples to the total charge q R + q L of both right-and left-handed fermions, the chiral chemical potential µ A couples to the difference * Electronic address: pavel.buividovich@physik.uni-regensburg.de q R − q L . Both Chiral Magnetic and Chiral Separation effects combine into a novel type of excitation of a plasma of chiral fermions in an external magnetic field -the Chiral Magnetic Wave [4, 5] . All these effects should lead to specific anisotropies and correlations in the distributions of charged particles produced in heavy ion collisions [6] [7] [8] . In a recent work [9] first numerical simulations of hydrodynamical evolution in heavy-ion collisions which took into account anomalous transport were performed and some specific experimental signatures of the importance of anomalous transport phenomena were pointed out. Even though the experimental evidence for these effects from heavy-ion collision experiments is somewhat controversial at present (see e.g. [10] ), anomalous transport phenomena might also be interesting in other areas of physics, for example, for the recently discovered Weyl semimetals [11] [12] [13] [14] .
In contrast to the conventional transport phenomena such as ohmic conductivity or viscous flow, anomalous transport is a property of equilibrium state of quantum systems and does not lead to any dissipation of heat. For this reason they are also ideally suited for lattice studies. Indeed, since within the linear response approximation anomalous transport coefficients can be extracted from static correlators of axial and vector currents and the energy-momentum tensor [15, 16] , tedious analytic continuation of lattice data from Euclidean to real (Minkowski) time which is typically a source of large uncertainties and systematical errors turns out to be unnecessary.
In the original works [1, 2] and [3] (see also [17, 18] for some earlier derivations, and [19] for a later work on non-renormalizability of CME) it was argued that the values (1) and (2) of the transport coefficients σ CSE and σ CME (which we will call the chiral separation conductivity and the chiral magnetic conductivity, respectively) are related to the axial anomaly and thus do not receive any corrections due to interactions. Somewhat later it has also been realized that the values of σ CSE and σ CME can be strongly constrained based on purely thermodynamical arguments if one requires that the divergence of an entropy current in "anomalous hydrodynamics" is non-negative [20] [21] [22] [23] [24] [25] [26] . Anomalous transport coefficients (1) and (2) are also reproduced in classical kinetic theory, where the quantum anomaly can be incorporated in terms of the nontrivial flux of the momentum-space Berry curvature through the Fermi surface [27, 28] .
However, some further analytic and numerical studies [29] [30] [31] indicated that both the Chiral Magnetic Effect and the Chiral Separation Effect might still receive corrections in interacting field theories. It was recently stressed in [32] that if one couples dynamical gauge fields to the currents entering the anomalous correlators, the anomaly equations are no longer restrictive enough to completely fix the anomalous transport coefficients. A direct calculation [33] of radiative corrections to the chiral separation conductivity confirms this statement.
Chiral magnetic and chiral separation conductivities has also been actively studied in holographic models [34] [35] [36] [37] [38] [39] [40] . Depending on the holographic implementation of the chiral chemical potential µ A and on the kinematical regimes in which the anomalous transport coefficients were defined, different answers for σ CME were obtained, ranging from the conventional values (1) and (2) to zero. In particular, in [37, 40] it was argued on a very general grounds that σ CME should vanish in a gauge theory with gauge invariant UV regularization. Explicit calculation for free continuum fermions with a Pauli-Villars regulator confirms this conclusion [41] . However, it was also argued that if one couples the chiral chemical potential to the conserved axial charge (which differs from the non-conserved axial charge q R − q L by a Chern-Simons term 1 4π 2 ǫ ijk A i ∂ j A k ), the conventional result (2) is reproduced [37] . It turns out to be completely saturated by the Chern-Simons term. In [15, 16, 38, 40, 42] it was shown that different expressions for the chiral magnetic conductivity obtained in holographic models and in hydrodynamical/kinetic theory approximations in fact correspond to different definitions of the axial and vector currents, the "consistent" and the "covariant" ones.
A detailed analysis performed in [41, 43] (and later in [44] with application to Weyl semimetals) for free fermions showed that the limit of zero momentum and zero frequency which one should take in order to calculate the chiral magnetic conductivity (2) is highly singular and should be carefully regularized. More recently it was also shown that the definition of σ CME for a constant magnetic field in a finite volume corresponds to a singular point of the one-loop QED polarization tensor [45] . Again, depending on the order of limits and the definition of observables one can get different results for σ CME . All these observations might indicate some sort of infrared instability of chirally imbalanced matter in the presence of a dynamical electromagnetic field. Possible infrared instabilities of interacting chiral medium which might affect the Chiral Magnetic Effect were discussed recently in [46] [47] [48] .
To summarize, the questions of whether the chiral magnetic and chiral separation conductivities are affected by interactions and how they are related to axial anomaly remain to a large extent unsettled. Existing proofs of exactness work only in certain kinematical limits and (sometimes implicitly) rely on the validity of hydrodynamical approximation [20] [21] [22] [23] , the finiteness of static correlation length [24] [25] [26] or the existence of Fermi surface with well-defined quasiparticle excitations around it [27, 28] . These assumptions appear to be quite nontrivial in the context of strongly interacting quantum field theories, for which, e.g., the non-Fermi-liquid behavior is quite typical [49, 50] . Thus fully non-perturbative firstprinciple studies of anomalous transport properties in lattice gauge theories might be necessary in order to understand the validity of different approximations mentioned above and to measure possible corrections to anomalous transport coefficients. Even in situations where the lowmomentum behavior of anomalous current-current correlators does not change due to interactions, it might still be important to measure them for all values of frequency or momentum. Indeed, realistic examples of chirally imbalanced matter such as quark-gluon plasma in heavy ion collisions or quasiparticles in Weyl semi-metals might be quite far from the validity of hydrodynamical/kinetic theory approximations. For such systems the methods of lattice gauge theory might be very helpful.
As a preparatory step for the numerical study of chiral separation and chiral magnetic effects in lattice gauge theories, in this work we study the anomalous correlators of vector and axial currents for free overlap fermions on the lattice. We pursue several goals: first, we would like to compute the anomalous axial-vector and vector-vector correlators which enter the Kubo formulae for the chiral separation and the chiral magnetic conductivities using a fully self-consistent regularization of chiral fermions. To this end we use overlap Dirac operator coupled to the conventional or chiral chemical potentials [45] . The use of the overlap Dirac operator is motivated by the observation that in the standard calculation [43] of the chiral magnetic conductivity the sum over chiral states and the integral over loop momentum do not commute, and thus a careful regularization of individual contributions of different chiral states is required. As we will see, simple summation over chiral states before momentum integration leads to the current-current correlators which do not satisfy the Ward identities. On the other hand, if all the Ward identities are satisfied, the chiral magnetic conductivity should vanish [37] . Pauli-Villars regularization of the chiral magnetic conductivity for free massless fermions was considered in [41] and a zero result was obtained. However, Pauli-Villars regularization might not work properly if the left-and right-handed fermions feel different gauge fields (or different chemical potentials) [51, 52] . The reason is that in this case one needs separate left-and right-handed regulator fields, which, however, cannot be given a Dirac mass term. Historically, the solution of this problem was first found in terms of an infinite number of Pauli-Villars regulator fields [51, 52] . A practical development of this construction which is commonly used nowadays is the overlap Dirac operator on the lattice [53] . Therefore it seems that overlap fermions are most suitable to address the issue of anomalous transport on the lattice.
Second, we also clarify the relation of chiral separation and chiral magnetic conductivities and the anomalous current-current correlators to axial anomaly. We show that at least for free chiral fermions this relation holds in the limit when the momentum carried by electromagnetic field quanta is much larger than chemical potentials µ A and µ V . We argue that anomalous current-current correlators might receive corrections in interacting theories due to the existence of the Fermi surface. Thus it would not be unreasonable to study them on the lattice.
Finally, as a preparation for further lattice measurements of anomalous vector-vector and axial-vector correlators in interacting gauge theories, we would like to estimate finite-volume and finite-spacing artifacts in these observables. We would like also to understand how robust are anomalous transport phenomena against different lattice discretizations of the Dirac operator and the vector and axial current operators.
The structure of the paper is the following: in Section 2 we briefly summarize the definitions of the chiral separation and the chiral magnetic conductivities in terms of anomalous correlators of vector and axial currents [15, 16, 43] and discuss the relevant kinematical regimes. Then in Section 3 we calculate these correlators in the continuum theory using a finite-temperature regularization (which amounts to integrating out the temporal components of the loop momenta first) and point out that such calculation of chiral magnetic conductivity, while giving an ultraviolet finite answer, might wrongly count chiral states and thus might produce an incorrect result. In contrast, the calculation of the chiral separation conductivity does not contain any hidden ambiguities and yields the conventional value (1). We also demonstrate that the role of the Dirac mass in the Chiral Separation and the Chiral Magnetic Effects is completely different. While for the former it simply introduces an energy threshold for production of real physical particles, for the latter it smears the Fermi-Dirac distribution and changes its asymptotically exponential decay into a power-law decay. This makes the notion of a distinct Fermi surface quite vague. Some technical details of these calculations are relegated to Appendices A and B. Following [41] , we then apply the PauliVillars regularization and show that with such regularization the chiral magnetic conductivity is indeed equal to zero. We demonstrate that zero result appears due the non-commutativity of the limits of zero spatial momentum and zero chiral chemical potential in the currentcurrent correlator. We also argue that at spatial momentum which is much larger than the chiral chemical potential the anomalous vector-vector correlator should be an asymptotically linear function of momentum with a finite slope which is equal to minus the conventional result (2) for the chiral magnetic conductivity. On the other hand, if one makes the axial charge conserved by including the Chern-Simons term into its definition [37, 41] , the conventional value of the chiral magnetic conductivity (2) is recovered.
In Section 4 we construct the anomalous currentcurrent correlators and calculate the chiral separation and the chiral magnetic conductivities for free overlap fermions on the lattice. Technical details of the calculations are given in Appendix C. The results turn out to coincide with the ones obtained in the Pauli-Villars regularization up to some finite-volume effects. We also find that the same results are reproduced even for the massless Wilson-Dirac fermions for which chiral symmetry is realized only at low energies. On the other hand, measurements with non-conserved vector currents reproduce the naive result (2) which is an artefact of a wrong counting of chiral states. In addition, we demonstrate that for overlap fermions nontrivial realization of lattice chiral symmetry in terms of Lüscher transformations [54] is essential to reproduce anomalous transport phenomena.
In Section 5 we clarify the relation of chiral separation and chiral magnetic conductivities to axial anomaly. We argue that vector and axial Ward identities fix the behavior of the anomalous current-current correlators at large spatial momenta (much larger than the corresponding chemical potentials). Namely, the vector-axial correlator at finite chemical potential vanishes at large momenta, and the vector-vector correlator at finite chiral chemical potential has asymptotically linear behavior. We demonstrate that in order to accurately define the coefficient of this linear dependence, one should allow for chiral chemical potential which slowly varies either in time or in space. In both cases this coefficient is equal to minus the conventional result (2) . In the case of time-dependent chiral chemical potential, this value indeed turns out to be directly related to the anomaly coefficient and thus does not receive neither perturbative nor nonperturbative corrections. Following the work [55] on the perturbative non-renormalization of the transverse parts of the correlator of two vector and one axial currents, we then argue that in the case when the chiral chemical potential varies infinitely slowly in space but is constant in time, the relation of the vector-vector correlator at finite chiral chemical potential to the anomaly holds only perturbatively and non-perturbative corrections might still appear when the chiral symmetry is broken. The limit of time-independent chiral chemical potential appears to be much more natural from the point of view of lattice simulations in Euclidean space. Finally, in the concluding Section 6 we discuss the implications of our results and possible directions of further work.
ANOMALOUS TRANSPORT COEFFICIENTS AND CURRENT-CURRENT CORRELATORS
Within the linear response approximation, chiral separation conductivity σ CSE can be extracted from the offdiagonal spatial components of the correlator of a vector and an axial currents j
Similarly, chiral magnetic conductivity σ CME can be expressed in terms of the off-diagonal spatial components of the correlator of two vector currents at nonzero chiral chemical potential [43] µ A :
Throughout the paper, we assume that the Greek indices µ, ν, . . . = 0, 1, 2, 3 label the components of the vectors and tensors in four-dimensional space and Latin indices i, j, k, . . . = 1, 2, 3 label the corresponding spatial components. We also use the notation x to denote vectors in three spatial dimensions. As discussed in [15, 16] , in order to obtain the anomalous transport coefficients σ CSE and σ CME which are relevant for hydrodynamical equations, one has first to take the limit of zero frequency and then the limit of zero spatial momentum. Such order of limits has to be contrasted with the one which is relevant for the conventional dissipative transport -first the spatial momentum is sent to zero and then the frequency. In other words, in the case of anomalous transport we study the response of static quantities to static perturbations, for example, the response of spatial electric (or axial) current to the static magnetic field.
For definiteness, let us assume that only the component B 1 of the magnetic field is nonzero and is spatially modulated in the direction 3: B 1 x 3 ∼ B 1 e ik3x3 . We can work in the gauge in which only the component V 2 of the vector gauge field is different from zero, so that
According to (1) and (2), anomalous transport coefficients σ CSE and σ CME describe the linear response of the j 1 component of the current to the magnetic field B 1 and thus can be obtained from the following Kubo formulae [15, 16] :
We conclude that in order to reproduce the conventional values (1) and (2), the current-current correlators (3) and (4) should take the form
at small spatial momentum k 3 .
ANOMALOUS CURRENT-CURRENT CORRELATORS FOR FREE FERMIONS IN THE CONTINUUM

Chiral Separation Effect
It is instructive to consider first the case of the Chiral Separation Effect, since the chiral separation conductivity turns out to be completely free from ultraviolet divergences and one can analytically obtain an unambiguous answer for the correlator of vector and axial currents (3) at nonzero spatial momentum. The results which we obtain in this Subsection will be also necessary for the discussion of the Chiral Magnetic Effect in the next Subsection 3.2. For further comparison with the calculation of the chiral magnetic conductivity we introduce a generic Dirac mass m. As we will see, the limit m → 0 turns out to be straightforward.
For free fermions, the polarization tensor (3) is given by
where
In the second line of (9) we have to shift the contour of integration over the time-like component of the loop momentum l 0 from the real axis to the axis Im l 0 = −µ V : l 0 → l 0 − iµ V . For simplicity, in this work we consider only the limit of zero temperature. In order to calculate (9), we use the technique of finite-
Regions in the momentum space which contribute to the integral over spatial loop momentum in (10) . Above: for external momentum k3 < 2µV , below: for k3 > 2µV .
temperature Euclidean quantum field theory and first integrate out the (Euclidean) time-like component of the loop momentum l 0 (cf. [41, 43] 
where we have denoted l ⊥ = l 2 1 + l 2 2 . From this expression we see that the integration over spatial loop momentum is restricted to two disjoint regions in momentum space which are depicted on Fig. 1 . If the external momentum | k| > 2 µ 2 V − m 2 , these regions are just two spheres of radii µ 2 V − m 2 centered around l 3 = ±k 3 /2, l 1,2 = 0. For |k 3 | < 2 µ 2 V − m 2 , the intersection of these two spheres is removed from the integral. In particular, in the limit |k 3 | ≪ µ 2 V − m 2 the integration region is just a thin shell around the Fermi surface | l| = µ V . The integrand is even in l 3 and thus the two regions at l 3 > 0 and at l 3 < 0 yield equal contributions to the integral.
The integration over spatial loop momentum in (10) can be performed analytically, and we finally obtain the closed expression for Π
This expression is of course valid only for µ V > m.
is equal to zero at any value of k 3 . The function Π AV 12 (k 3 ) given by the above expression is plotted on Fig. 2 for different values of the Dirac mass m. At momentum k 3 smaller than approximately 1.7 µ 2 V − m 2 it grows linearly with k 3 , with the slope being equal to the conventional expression (1) . Indeed, expanding the logarithm in (11) in powers of k 3 we get
Inserting now the expression (11) into the Kubo formula (5) and taking into account the expansion (12), we conclude that at zero mass the expression (11) reproduces the conventional result (1). At k 3 = 2 µ 2 V − m 2 the function Π AV k 3 can kick out only pairs of fermions which live very close to the Fermi surface (and have nearly opposite momenta), and thus the volume of phase space available for such process is limited. As k 3 grows, this volume and hence the process amplitude gradually increase until at k 3 = 2µ V it becomes possible to kick out fermions from everywhere within Fermi surface. Then, however, the suppressing factor 1/l 3 in (10) enters the game, and the amplitude again starts decreasing. Indeed, in the limit of large spatial momentum k 3 → +∞, the values of l 3 which contribute to the integral in (11) are very close to ±k 3 /2, and the correlator (11) goes to zero as
It is also straightforward to understand the role played by the Dirac mass m: it simply introduces a threshold below which the chemical potential µ V cannot excite any fermionic state from the vacuum, so that the chiral separation effect is absent for µ V < m. We can also interpret this fact as the saturation of the Chiral Separation Effect by physical particle states which are only available at nonzero chemical potential µ V > m.
Chiral Magnetic Effect from the two-point function
In this Subsection we calculate the chiral magnetic conductivity σ CME for free continuum fermions at finite chiral chemical potential µ A . Our aim here is to illustrate a subtle point in the previous calculations which is related to the ambiguity in the counting of chiral states. To this end we essentially repeat the derivations of [41, 43, 56] but treat the chirality more carefully.
For free fermions the current-current correlator (20) which enters the Kubo relations (6) is given by
can be represented in the following chiral block form (see Appendix B and also [41, 43] for more details):
where 
are the projectors of spin states on the direction of momentum and thus project out states of definite chirality. Correspondingly, summands with s = ± in (15) are the propagators of states with definite chirality.
We now insert the decomposition (15) into (14) and again perform integration over the time-like component of the loop momentum l 0 . Details of this calculation are summarized in Appendix B. The result is
where p = | l + k/2| and q = | l − k/2| denote the absolute values of momenta of two virtual fermions saturating the integral in (14) and s, s ′ denote their chiralities. From this representation we see immediately that the individual contributions of states with different chiralities s and s ′ to the current-current correlator (16) are in fact divergent. Let us try, however, to sum up all of these contributions before performing the integration over spatial loop momentum l, as it is done, for example, in [43] . After some algebraic manipulations which are given in Appendix B we arrive at
where different summands in the brackets are the contributions of the states with different chiralities. At this point it is interesting to see how different is the role of the Dirac mass in the Chiral Separation Effect and the Chiral Magnetic Effect. In the case of Chiral Separation Effect the mass played the role of the threshold below which there were no physical particles and no transport occurred. In contrast, in the case of the Chiral Magnetic Effect the mass simply broadens the FermiDirac distribution, which is just a step function at zero mass and in the limit of zero temperature. The physical origin of such broadening is clear: Dirac mass induces transitions between different chirality sectors which excite chiral states with momenta even outside of the Fermi surface. While at zero mass and nonzero temperature the density of particles in momentum space is exponentially suppressed outside of the Fermi surface, at nonzero mass this exponential suppression turns into a power-law decay. Such power-law decay of particle density in momentum space might lead to some interesting non-Fermiliquid behavior when the interactions are switched on. Let us consider first the limit of zero mass and assume, for definiteness, that µ A > 0. The fractions in the second line then turn into the sign functions, and after some simple manipulations we get
that is, exactly the massless limit of the expression (10) for the correlator of axial and vector currents with the replacement µ V → µ A . We see that naively chiral magnetic conductivity turns out to be exactly equal to the conventional value (2), in complete agreement with the results of [43] . Again, note a subtle point in the transformation from the expression (17) to (18) and then from the second to the third line of (18): individual contributions of different chiralities involve factors θ (p − µ A ) and θ (q − µ A ) which cut out a non-compact region in the momentum space and lead to the non-convergent integral over spatial loop momentum. Localization of integrand in the compact regions (see Fig. 1 ) only occurs after summing up the contributions of all chiralities. We conclude that the trace over states of different chiralities and the spatial momentum integral do not commute. This again suggests that the polarization tensor (4) should be carefully regularized. In what follows we will apply the lattice regularization with overlap fermions, which is one of the few fully consistent regularizations of chiral fermions [51, 52] . However, in order to foresee the result, it is instructive to consider the simplest Pauli-Villars regularization, as it was done in [41] . Although the Pauli-Villars regularization is rather crude and might not properly take into account the chiral properties, we will see that for our purposes it works quite well and yields the result which agrees with the one obtained using overlap fermions.
To this end we consider the expression (17) in the limit when the mass m (which would play the role of the Pauli-Villars regulator) is much larger than the external momentum k 3 and the chiral chemical potential µ A . A simple calculation which is given in Appendix B shows that for infinitely heavy fermions the linear behavior of Π V V 12 (k 3 ) both in momentum k 3 and in the chiral chemical potential µ A persists for all values of k 3 and µ A which are much smaller than m (cf. [41] ):
Introducing now infinitely heavy regulator fermions and subtracting their contribution (19) from the correlator Π V V 12 (k 3 ) in the massless limit (see expression (18)), we obtain for the regularized correlatorΠ
This correlator is plotted on Fig. 3 as a function of spatial momentum k 3 . For illustration, we also plot the naive result which can be obtained from (17) (12), but leaves higher nonlinear terms. From Kubo formulae (6) we thus conclude that after the integration over the states of different chiralities in (17) is regularized, the chiral magnetic conductivity turns out to be zero. Since the Pauli-Villars regularization respects the vector gauge invariance, this conclusion is in agreement with the statement of [37] that the chiral magnetic conductivity has to vanish in any gauge-invariant regularization. On the other hand, at large momenta the regulator contribution to (20) becomes dominant, and thus at k 3 ≫ 2µ A the regularized vector-vector correlator asymptotically approaches the linear behaviorΠ
Taking into account the dependence of the non-regularized expression on the fermion mass (see Fig. 3 ), we see that as the mass increases, this linear behavior sets in at larger and larger values of k 3 . This implies that the regularized chiral magnetic conductivity vanishes in the limit of infinite mass, as one could expect from general physical considerations. It is important to note that the coefficient of asymptotically linear dependence is exactly equal to minus the slope of the conventional naive result (8) in the limit of small momenta. In Section 5 we will see that this coefficient is in fact related to axial anomaly. It is also worth noting that if one includes the Chern-Simons term into the definition of the axial charge in order to make it conserved [37, 41] , the contribution of this term exactly cancels the contribution of regulator fermions, and the conventional value of the chiral magnetic conductivity (2) is recovered. The dependence of the chiral magnetic conductivity on the definition of the chiral chemical potential has been also discussed in detail in [42] .
ANOMALOUS CURRENT-CURRENT CORRELATORS FOR OVERLAP FERMIONS
For a generic chiral lattice Dirac operator D, the correlators of axial and vector currents j 
over the vector lattice gauge field V x,µ and the axial lattice gauge field A x,µ at V x,µ = 0, A x,µ = 0:
In the above equations, T is the temperature, N f is the number of fermion flavors, g x,µ is the non-Abelian lattice gauge field and S Y M [g x,µ ] is the lattice action of this field. Since we define the axial and the vector currents in terms of the derivatives of the partition function over the corresponding gauge fields, we deal with the "consistent" current in the terminology of [16] . To simplify the notation, we have denoted the derivatives over vector and axial lattice gauge fields on the link which goes in the direction µ from the site
In what follows, we will also omit the functional arguments of D [g x,µ , A x,µ , V x,µ ]. In (22) and (23) we have also taken into account that for V x,µ = 0 and
= 0 by virtue of Lorentz symmetry. We assume that V x,µ is a non-compact lattice gauge field which enters the fermionic action only in terms of the compact link variables u x,µ = e iVx,µ . The coupling of the axial gauge field to lattice fermions is quite nontrivial and was considered recently in [45, 57] . However, in order to calculate the correlators (22) and (23) we will only need the first derivative of D over A x,µ at zero A x,µ , which can be easily expressed in terms of the derivative of D over V x,µ [58] . In order to obtain the current-current correlators (3) and (4) in momentum space, we perform the lattice Fourier transform
Direct application of the relations (22) and (23) to the partition function (21) gives: (26) where . . . denotes averaging over non-Abelian gauge field configurations:
. (27) In (25) and (26), the first summand is the contribution of a single fermionic loop with two vertices (either two vector vertices or one axial vertex and one vector vertex). The second summand is the contribution of a mixed vector-axial or vector-vector vertex which is present only on the lattice. Finally, the third summand is a contribution of two disconnected fermion loops, each with one vertex. In this work we calculate the correlators (22) and (23) for free fermions, therefore we do not perform the averaging (27) and simply calculate the expressions (25) and (26) for free lattice Dirac operator. Obviously, only the connected part of (25) and (26) are different from zero in this case.
Chiral Separation Effect
To study the Chiral Separation Effect, we calculate the correlator of axial and vector currents (23) using free overlap lattice fermions at nonzero chemical potential µ V . Overlap Dirac operator at finite chemical potential is defined as [59] :
where D w is the Wilson-Dirac operator at finite chemical potential µ V and we have assumed that the lattice spacing is equal to unity. The operator
is in general non-Hermitean. The operator-valued sign function of H is then defined in terms of the spectral decomposition of H as -Im where the right and left eigenvectors |R i and L i | are defined by the equations
Another component which we need in order to calculate the axial-vector correlator (26) is the derivative ∂ A x,µ over the axial gauge field. As discussed in [58] , for overlap Dirac operator the derivative over A x,µ is related to the derivative over V x,µ in a simple way:
Technical details of the calculation of the derivatives
which enter the expression (26) are not crucial for the understanding of our results and are given in Appendix C. In short, we have expressed the derivatives of D ov (µ V ) in terms of the derivatives of the eigenvectors and eigenvalues of H, which can be in turn related to the derivatives ∂ V x,µ H, ∂ A x,µ H and ∂ V y,ν H of the operator H itself. Since H is a local lattice operator which is known explicitly, these derivatives can be calculated in a straightforward way. It should be stressed that while for free lattice fermions the spectrum of H is known analytically, even in this case the exact numerical calculation of the derivatives
turns out to take a large amount of computer time. For that reason we were only able to compute the current-current correlators on the lattices with sizes not higher than 50 4 . Such computational complexity even for free fermions clearly calls for some efficient way to numerically approximate the conserved vector and axial current vertices for overlap Dirac operator using, e.g., the Krylov subspace methods. We are now studying possible algorithms for sufficiently fast calculation of derivatives, but the discussion of them is out of the scope of the present paper.
Off-diagonal component of the correlator of axial and vector currents Π 
Chiral Magnetic Effect
In this Subsection we consider the correlator of two vector currents (25) at nonzero chiral chemical potential µ A , which describes the Chiral Magnetic Effect. Overlap Dirac operator with chiral chemical potential has been constructed recently in [45] . It can be implicitly expressed in terms of overlap Dirac operator at nonzero chemical potential µ V (see equations (28) and (29)) as
are the chiral projectors and
is the "projected" overlap Dirac operator. Such projection conformally maps the Ginsparg-Wilson circle in the Im complex plane of Dirac eigenvalues onto imaginary axis. The inverse projection is
In short, one arrives at the representation (32) in the following way [45] : first, one observes that the chiral chemical potential couples to fermions as the imaginary time-like component of the axial lattice gauge field A x,µ . Then one requires that gauge transformations of the axial gauge field A x,µ → A x,µ + δθ x+μ − δθ x generate the local Lüscher transformations of the overlap Dirac operator D ov :
It is easy to check that the overlap Dirac operator defined by (32) is γ 5 -hermitian and satisfies the GinspargWilson relations. Thus the eigenvalues of this operator lie on the Ginsparg-Wilson circle in the complex plane, just as for the ordinary overlap operator without any chemical potentials. In particular, these properties imply that the absence of the sign problem in Monte-Carlo simulations with overlap fermions at finite chiral chemical potential.
In order to calculate the vector-vector correlator (25) we need the derivatives ∂ We see once again that it is not correct to simply add the contributions of different chiral states before integrating over the spatial momentum in (17) . Rather, the contribution from each chiral sector should be regularized individually, as it is done in the overlap formalism [51, 52] . Upon such a regularization the chiral magnetic conductivity turns out to be zero.
In agreement with the expression (20) derived in the continuum theory, at large momenta the anomalous vector-vector correlator behaves as Π
2π 2 , which coincides up to a sign with the naive conventional asymptotic behavior (8) at small momenta. In Section 5 below we will demonstrate that this is not an accidental coincidence. Rather, the slope of Π V V 12 (k 3 ) turns out to be related to the anomaly coefficient. From Fig. 5 we see that in order to reproduce this asymptotically linear behavior, one needs to perform measurements for momenta k 3 ≫ µ A . In turn, both k 3 and µ A should be much smaller than the inverse lattice spacing. Then quite large lattice size is required in order to have a sufficient number of discrete lattice momenta in the range µ A ≪ k 3 ≪ a −1 .
It is also interesting to check how robust is the result 
At small momenta, both operators D ov andD ov reproduce the conventional continuum lattice Dirac operator with chiral chemical potential. Thus in the continuum limit both operators should be equivalent, and any difference in the observables involving them comes from the effects of ultraviolet cutoff, that is, from the details of the lattice regularization. The vector-vector correlator Π V V 12 (k 3 ) which was calculated using the projected operatorD ov is plotted on Fig. 6 on the left. For comparison, we also plot the results obtained with the operator D ov , which correctly incorporates lattice chiral symmetry. The result which we get withD ov does not resemble the regularized continuum result (11) at all and is almost by an order of magnitude smaller. We can explain this discrepancy as follows: in the case when local chiral transformations are given by simple rotations (36), the axial anomaly comes from the nontrivial regularization of the jacobian of the transformations (36) . Obviously, in a finite volume and on a finite lattice the jacobian of (36) is always trivial (see e.g. [17, 60] ). For lattice Dirac operators which satisfy the Ginsparg-Wilson relation the anomaly is reproduced even on finite-volume lattices due to the nontrivial jacobian of the Lüscher transformations (35) . We conclude that in order to correctly reproduce the Chiral Magnetic Effect it is essential to have a nontrivial jacobian of chiral rotations, which is directly related to the axial anomaly.
Another commonly used approximation for the calculation of current-current correlators with overlap fermions is the use of the Dirac gamma-matrices for the definition of the current operator j x,µ =ψ x γ µ ψ x . In other words, one approximates the vector-vector correlator (25) as
ov yy γ ν . (37) The current defined in this way is only conserved up to lattice artifacts which by naive power counting should vanish in the continuum limit:
2 , where a is the lattice spacing. Correspondingly, the correlator (37) satisfies the vector Ward identities only approximately. In the above expressions, one can also use the projected Dirac operator defined by (34) . In order to see how such current non-conservation affects the chiral magnetic conductivity, we have calculated the vector-vector correlator (37) using the projected overlap Dirac operator at finite chiral chemical potential defined by (32) . The resulting vector-vector correlator Π V V 12 (k 3 ) is plotted on Fig. 6 on the right for different values of the chiral chemical potential µ A . Quite surprisingly, using the non-conserved current we almost exactly reproduce the naive unregularized continuum expression (18) (it is also plotted on Fig. 6 on the right with dashed lines). This observation clarifies why it is not correct to add up the contributions of different chiral states before integrating over the spatial momentum in (17) : such a prescription leads to the current-current correlator which do not satisfy the vector Ward identities. Similar observation was also made recently in [45] , where it was found that the Chiral Magnetic Effect (2) for a constant magnetic field in a finite volume is only realized for non-conserved electric current.
Finally, it is interesting to see how the Chiral Magnetic Effect is reproduced for lattice fermions without (20) . One can see that for µ A = 0.10, which is significantly smaller than the lattice spacing a = 1, the lattice result approaches the continuum result as the lattice size increases. For larger value of µ A , µ A = 0.50, the agreement is not so good, thus the finite-spacing artifacts are quite large. We conclude that the expression (20) is reproduced even for Wilson-Dirac fermions, although with much larger discretization artifacts than for overlap fermions.
From the results presented in this Section, we conclude that a regularization of individual contributions of states with different chiralities is necessary in order to get a consistent result for the chiral magnetic conductivity. In any regularization with conserved vector current it turns out to be equal to zero, in agreement with the arguments of [37, 41] .
RELATION TO AXIAL ANOMALY
In this Section we analyze more carefully the relation of the Chiral Separation and Chiral Magnetic Effects to the axial anomaly. In contrast to the previous Sections, where we have considered free fermions, the results presented in this Section are also valid in interacting theories.
At first sight the relation of the anomalous currentcurrent correlators (3) and (4) to axial anomaly is far from obvious, since the conventional anomaly relation involves the divergence ∂ µ j A µ (x) rather than the axialvector and the vector-vector correlators (3) and (4). Let us, however, formally expand the vector-vector and the axial-vector correlators in powers of the corresponding chemical potentials and consider the linear terms in such expansions, which are given by the derivatives
In deriving the above expressions, we have used the fact that the first derivative of the current-current correlators (3) and (4) over the corresponding chemical potentials simply brings down minus the total electric or axial charge −T
into the expectation values in (3) and (4). For notational convenience, we have also defined a generic correlator of two vector and one axial currents Γ
This correlator can be directly related to the usual triangle diagram which yields the anomaly coefficient. To be more precise, it can be expressed in terms of four independent tensor structures t
µνρ (p, q) and t µνρ (p, q) which are allowed by the vector and the anomalous Ward identities and the four corresponding form-
Here we have adapted the original expressions given in [55] to the case of flavour-singlet currents in Euclidean space and assumed that the number of quark colours is equal to one (as in the rest of the paper). The form-
2 is directly related to the axial anomaly coefficient and does not receive neither perturbative nor non-perturbative corrections:
It should be stressed that the expression (41) together with (43) already take into account all information which is contained in both vector and axial Ward identities, and the transverse form-factors w (±) T andw T cannot be fixed from anomaly equations.
Before proceeding with the discussion of the relation of the derivatives (38) and (39) to the axial anomaly, let us clarify their relation to the asymptotic behavior of the functions Π AV 12 (k 3 ) and Π V V 12 (k 3 ) in the case of free massless continuum fermions. To this end we represent the derivatives (38) and (39) as the following limit:
where for generality we have denoted either the vectorvector or axial-vector correlators as Π 12 (k 3 ) and the corresponding chemical potential -simply as µ. For free massless fermions the only scale entering the currentcurrent correlation functions is the value of the corresponding chemical potential. Therefore when we take the limit µ → 0 in (44), we have to use the asymptotic forms of the functions Π
We thus conclude that in the absence of any intrinsic scale other than the values of the chemical potential, the derivative (44) at fixed momentum k 3 is related to the asymptotic behavior of correlation functions in the limit of very large momentum, which is actually irrelevant for hydrodynamics. The origin of such non-commutativity of the limits of small k 3 and small µ V or µ A obviously lies in the non-analyticity of the functions Π (11) and (20)) with respect to k 3 and µ V or µ A .
In the case of the Chiral Separation Effect, the asymptotic behavior of Π AV 12 (k 3 ) at k 3 ≫ µ V is given by (13) . Inserting this expression into (44), we immediately conclude that
For the vector-vector correlator (4) which describes the Chiral Magnetic Effect, we use the asymptotic form Π
2π 2 of the regularized expression (20) . It follows immediately that
Let us now discuss the relation of the derivatives (38) and (39) to axial anomaly. First, we take the limit p = (0, 0, 0, k 3 ), q = 0 in the decomposition (41) with µ = 2, ν = 0, ρ = 1, which corresponds to the linear order (38) of the expansion of the axial-vector correlator in powers of chemical potential µ V . In full agreement with (45), the result is zero. We see that the vanishing of the anomalous axial-vector correlator at large spatial momenta is required by vector and axial Ward identities and thus should also hold in interacting theories. In a simple holographic model of [38] , the vector-vector-axial correlator in the kinematical limit (38) was also found to be zero.
For the leading order of the expansion of the vectorvector correlator (39) in powers of chiral chemical potential µ A , we have to consider the vector-vector-axial correlator (40) in the limit p = (0, 0, 0, k 3 ), q = (0, 0, 0, −k 3 ) with µ = 1, ν = 2 and ρ = 0. However, a careful analysis of the expressions (41), (42) and (43) shows that the correlator (40) is singular in this limit, and we have to regularize this singularity by allowing for some small momentum ǫ = p + q flowing in through the axial vertex. To this end we use the parametrization
Let us first consider the case when ǫ has only a temporal component ǫ 0 : ǫ = (ǫ 0 , 0, 0, 0). In this limit the tensor structures t (±) µνρ (p, q) andt µνρ are identically zero, and the only tensor structure in (41) which contributes to the derivative (39) is
We conclude that in such a limit indeed only the formfactor
which is directly related to axial anomaly contributes to the derivative (39) , and from (41) we obtain the result which completely agrees with the expression (46) obtained for free fermions. The same result for the vectorvector-axial correlator which enters the expansion (46) was also obtained in a holographic calculation of [38] . We conclude that if one takes the limit of static chiral chemical potential by assuming that it very slowly varies in time, the behavior of the vector-vector correlator (4) is indeed related to axial anomaly, although only at large, rather than at small spatial momentum. Such a limit seems somewhat artificial from the point of view of lattice simulations. The only sensible physical interpretation of nonzero ǫ 0 is the analytic continuation from the situation in which the chemical potential slowly varies in real Minkowski time. However, such timedependent chemical potential is a non-stationary perturbation which brings the system out of thermal equilibrium. A direct connection with thermal expectation values which are commonly calculated in lattice simulations is then lost, and one has to perform a painful reconstruction of real-time spectral functions (see e.g. [61, 62] ). Thus it seems advantageous to stick to the concept of anomalous transport as a phenomenon which happens in an equilibrium state of a system and assume that the chiral chemical potential µ A slowly varies in space but is constant in time. Correspondingly, in (47) we assume that ǫ is an infinitely small spatial vector (so that ǫ 0 = 0). In this limit the only nonzero tensor structures in (42) are
where we have kept only the leading order terms in ǫ. Inserting these expressions into the general decomposition (41), we see that in this limit the derivative (46) of the anomalous vector-vector correlator turns out to be related to the transverse form-factors w
From anti-symmetry properties of the form-factor
thus the only nontrivial form-factor in (41) which contributes to the expansion (39) is w
Here we have also taken the limit ǫ → 0, assuming that it is nonsingular. Since the decomposition (41) already takes into account both vector and anomalous axial Ward identities, the transverse form-factor w (+) T k 2 , k 2 , 0 and hence also the asymptotic behavior of the vector-vector correlator (4) in an interacting theory are not a priori related to axial anomaly.
However, in the work [55] (following the preceding works by Vainshtein et al. [63, 64] ) several new perturbative non-renormalization theorems for the transverse form-factors w
in massless QCD were proven. In Appendix D we demonstrate that these nonrenormalization theorems allow to fix the value
Inserting this result and also (51) into (41), we again confirm the validity of the expression (46) . It should be stressed that the status of this result is now, however, quite different from the case of chemical potential which slowly varies in time. The validity of the expression (52) is only guaranteed in perturbation theory [55] . Correspondingly, the relation (46) now holds only perturbatively and is not protected from non-perturbative corrections. In [55] it was argued that such corrections might only appear in the chirally broken phase. For this reason it would be particularly interesting to understand how the anomalous current-current correlators (4) and (3) change across the deconfinement phase transition. We conclude that in the absence of any scale in the theory except for the values of the chemical potential, the asymptotic behavior of the chiral magnetic and chiral separation conductivities at large spatial momenta can be uniquely fixed from the vector and axial Ward identities at least in perturbation theory. In the case of the axial-vector correlator (3), the behavior at small momenta can also be related to the anomaly by first expanding it in powers of external momentum and thenin powers of chemical potential µ V [2] . In this case one has to consider the vector-vector-axial correlator (40) at nonzero chemical potential. Since the anomaly is not affected by chemical potential [65] , the behavior of the anomalous axial-vector correlator (3) at small momenta and hence the chiral separation conductivity turns out to be also directly related to the anomaly coefficient.
CONCLUSIONS AND DISCUSSION
In this paper we have studied the anomalous vectorvector and axial-vector current-current correlators which describe the Chiral Magnetic and the Chiral Separation Effects using the truly chiral regularization provided by overlap fermions on the lattice. As a first step towards the study of anomalous transport in interacting theories, we have performed all the calculations for the case of free fermions.
We have reproduced the conventional result (7) for the chiral separation conductivity and found that it is completely free from ultraviolet divergences and regularization ambiguities.
In contrast, the chiral magnetic conductivity turns out to be zero with a gauge-invariant regularization in which the vector current is conserved, in agreement with the arguments of [37, 40, 41] . The conventional result (8) can be reproduced if one uses the "covariant" vector current instead of the "consistent" one which we obtain by differentiating the gauge-invariant partition function (21) over the background gauge fields [40] . Consistent electric current is exactly conserved and is invariant with respect to the gauge transformations of the vector gauge field, but is not invariant under gauge transformations of the axial gauge fields. On the other hand, covariant current is invariant under gauge transformations of both the vector and the axial gauge fields, but it cannot be represented as a derivative of the partition function over the vector gauge field and is therefore not conserved [16, 40, 42] . The difference between the two definitions of the current is again the Chern-Simons term of the form
with the coefficient 1/ 4π 2 being completely fixed by the anomaly equation. For different physical situations either the covariant or the consistent definitions of the electric current might be appropriate [42] . For instance, if one uses the covariant electric current, the rate at which the (now non-conserved) electric charge decays in some finite volume is given by the surface integral of the spacelike part K i of the Chern-Simons current (53) over the boundary of this volume. We can therefore interpret the non-conservation of the covariant current as an outflow of charge through the boundary. Whether or not such an outflow is possible depends on the physical setup in which one observes the Chiral Magnetic Effect. While in a closed system such an outflow would be impossible, it would be probably present for an expanding plasma or for a sample of Weyl semimetal attached to leads.
We have pointed out that the vector-vector correlator which violates the vector Ward identities is obtained if one sums up the divergent contributions of different chiral states before integrating over the loop momentum. Within the Pauli-Villars regularization such summation leads in fact to the covariant form of the electric current. Thus in order to calculate the correlators of consistent currents, the contributions of each chiral sector should be individually regularized.
In the context of condensed matter physics, our results imply that anomalous transport properties of lattice systems which have chiral fermions as their low-energy excitations are determined by the dispersion relation in the whole Brillouin zone and not just by small regions in the vicinity of the Fermi points/arcs. Another interesting observation is that in the case of chirally imbalanced matter at nonzero chiral chemical potential the Dirac mass plays quite an unusual role: instead of introducing a threshold for producing physical particles, it changes the exponential decay of the Fermi-Dirac distribution at large energies into a power-law decay. Such a change of a single-particle distribution might lead to some interesting non-Fermi-liquid behavior.
We have considered several different regularizations of the anomalous vector-vector correlator such as the Pauli-Villars regularization and Wilson-Dirac and overlap fermions on the lattice. All of them agree up to some lattice artifacts. This suggests that a fully consistent chiral lattice regularization is in fact not so important for the observation of anomalous transport. It is only sufficient to require that a regularization reproduces the axial anomaly in the limit of infinite UV cutoff, which is the case for all the regularizations which we have considered. However, we have observed that the use of chiral lattice fermions significantly reduces finite-volume and finite-spacing effects. We have also found that once one uses lattice chiral fermions, the Lüscher implementation of the chiral symmetry on the lattice becomes crucial. In particular, the anomalous vector-vector correlator decreases practically to zero once one uses ordinary chiral rotations instead of the Lüscher transformations. It might be also interesting to consider anomalous transport for staggered fermions and see whether the contributions of the tastes of opposite chirality cancel in the chiral separation or the chiral magnetic conductivities.
A novel observation which we make in this paper is that the asymptotic behavior of the anomalous currentcurrent correlators in the limit of large momentum (much larger than the corresponding chemical potential) is also fixed by vector and axial Ward identities. The relation can be most easily illustrated by considering the derivatives of the axial-vector and vector-vector correlators over the chemical or the chiral chemical potentials, respectively. It is easy to see that these derivatives correspond to the fermion loop with insertion of two vector and one axial vertices and with zero momentum on one of the vertices. In other words, we have a process in which a virtual photon creates two virtual fermions, one of which interacts with an infinitely soft photon or axion. The fermions then annihilate and produce either an axion or a pho-ton. If the momentum the initial virtual photon is sufficiently large, it does not notice the low-energy fermionic states within the Fermi surface, and our fermion loop effectively turns into the usual triangle diagram in the vacuum. For the kinematics which corresponds to the Chiral Separation Effect, this diagram is equal to zero. In the case of the Chiral Magnetic Effect, one picks up exactly the anomalous part of the triangle diagram if the chiral chemical potential (which corresponds to a soft axion within our analogy) slowly changes in time. In the case of spatially modulated chemical potential which is constant in time one obtains the transverse part of the triangle diagram. It can be still related to the anomaly by using the perturbative non-renormalization theorems of [55] , however, one can also expect some non-perturbative contributions in the phase with broken chiral symmetry. On the lattice, the latter limit of spatially modulated chiral chemical potential appears much more natural since it still corresponds to the equilibrium state of the system. From these arguments we conclude that the anomalous axial-vector correlator Π AV 12 (k 3 ) should vanish in the limit of large momentum k 3 , and the anomalous vector-vector correlator Π
The slope of this function might in general be affected by non-perturbative effects and thus is an interesting quantity for a study on the lattice or within effective models. It is also worth noting that as the Dirac mass increases, this linear behavior is approached at higher momenta. Therefore in the limit of large mass the regularized chiral magnetic conductivity should vanish, as one could expect.
These findings also agree with the results of holographic calculations [38] . This is to be expected, since the theorems of [55, 63, 64] are valid when the chiral symmetry is not broken, and the holographic model of [38] corresponds to the deconfinement phase with restored chiral symmetry. It might be also interesting to investigate possible non-perturbative corrections to Π V V 12 (k 3 ) in the phase with broken chiral symmetry.
It is important to stress that while the behavior of anomalous current-current correlators (3) and (4) at small and large momenta is fixed by Ward identities, at intermediate momenta they would be, in general, changed due to interactions. For example, the radius of the Fermi surface might change as one goes from deconfinement to the confinement regime. In particular, it would be interesting to understand whether the "chiral" Fermi surface associated with finite chiral chemical potential still exists in the confinement regime. In this Appendix we give some technical details of the calculation of the correlator of axial and vector currents (11) at finite chemical potential µ V for free Dirac fermions in the continuum.
Our starting point is the expression (9) with D (p, µ V ) = iγ µ p µ + µ V γ 0 + m being the massive Dirac operator at finite chemical potential µ V . Evaluating the trace over spinor indices in (9) explicitly and using the identity tr (γ 5 γ α γ ν γ β γ µ ) = −4ǫ ανβµ , we arrive at
As discussed in Subsection 3.1, in order to take into account the chemical potential µ V , in (A1) we have to shift the contour of integration over l 0 as l 0 → l 0 − iµ V . In order to apply the Kubo relation (5), we set µ = 1, ν = 2 and assume that the only nonzero component of k is k 3 (thus k is purely space-like vector). In order to implement finite-temperature regularization, we separately integrate over the time-like component of the loop momentum l 0 and over the space-like components which we denote as l:
where we have denoted p = | l + k/2|, q = | l − k/2|. We now use the identity
to integrate over l 0 . The result is
where we have replaced 2
For definiteness, let us now assume that the chemical potential µ V and the external momentum k 3 are positive. The equation (A4) then simplifies to
where we have denoted l ⊥ = l 2 1 + l 2 2 .
From the expressions above we see that the integration in the momentum space is restricted to two disjoint regions in momentum space which are depicted on Fig.  1 . If the external momentum | k| > 2 µ 2 V − m 2 , these regions are just two spheres of radii µ 2 V − m 2 centered around l 3 = ±k 3 /2, l 1,2 = 0. For |k 3 | < 2 µ 2 V − m 2 , the intersection of these two spheres is removed from the integral. Let us now proceed with the calculation of the polarisation tensor (A5) by integrating out l ⊥ . In the case of large external momentum k 3 > 2µ V integration over l ⊥ yields the area of the section of the sphere by the plane l 3 = const, and we obtain:
where the factor of two in front of the r.h.s. takes into account the contribution of the two spheres in momentum space, both the one centered at l 3 = −k 3 /2 and the one at l 3 = k 3 /2. Integration over l 3 can be performed analytically, and we obtain
Let us now turn to the case of small momenta k 3 < 2 µ 2 V − m 2 , when the two spheres intersect. The intersection region has to be explicitly subtracted from integration, which leads to
The integration over l 3 can be again performed analytically, and we get
We see that both results (A7) and (A9) can be unified in a single expression (11) .
Appendix B: Correlator of two vector currents for continuum free fermions at finite chiral chemical potential
In this Appendix we summarize the details of the calculation of the correlator (4) of two vector currents for free Dirac fermions.
We start with the expression (14) with D (p, µ A ) = iγ µ p µ + µ A γ 0 γ 5 + m being the massive Dirac operator at chiral chemical potential µ A . Representing D (p, µ A ) in the chiral block form and performing the block matrix inversion, we can write the Dirac propagator D −1 (p, µ A ) as
where p / = σ k p k , p k are spatial components of the momentum and σ k with k = 1 . . . 3 are the Pauli matrices. It is convenient to represent the operator
in (B1) in terms of the chiral
where s = ± labels chiral states which saturate the propagator (B2), namely, the states for which the spin is parallel or antiparallel to the spatial momentum. We now use the identity P s p / = s| p|P s and obtain for the propagator (B2):
where the matrix elements in the second line are just proportional to two by two identity matrices. We now consider only the space-like components of the polarisation tensor (4), which enter the Kubo formulae (6) . Spatial Dirac gamma-matrices can be written in chiral block form as
where again the elements of the second matrix are proportional to 2 × 2 identity matrices (one could also write a direct product operator between the two matrices in the above equation).
Inserting the expressions (B3) and (B4) into (14) and taking into account that the trace of the direct product of matrices is a product of traces, we get
where we have denoted p = | l + k/2| and q = | l − k/2|. Lets evaluate first the trace over Weyl indices in the first line of (B5). For the sake of simplicity we also denote p = l + k/2 and q = l − k/2. We then obtain
In order to get the chiral magnetic conductivity from the Kubo relation (6), we only need to calculate the above expression for k = 1, l = 2 and with k 3 being the only nonzero component of k. For such kinematics we get a simple result
The last summand in the above expression will not contribute to the Chiral Magnetic Effect in any reasonable regularization by virtue of rotational invariance in the 1, 2 plane, thus we discard it in what follows. A direct calculation of the trace in the second line of (B5) yields
The current-current correlator (B5) can be now written as
We first take the integral over l 0 . Some simple algebraic manipulations lead to
where we have denoted ǫ p = p − sµ A , ǫ q = q − s ′ µ A . Combining the expressions (B10) and (B9), we finally obtain the representation (16) of the polarization tensor (4) in terms of spatial loop momentum and the chiral states labeled by s and s ′ .
Following [43] , we now sum up the contributions of chiral states with different s and s ′ to the current-current correlator (16) before integrating over spatial loop momentum:
A direct calculation shows that
which together with (B11) leads to the expression (17) . In order to apply the Pauli-Villars regularization to the current-current correlator (4), we also consider the expression (17) in the limit of infinitely large quark mass m. In this limit we can approximate the summands in the parentheses in (17) as
and similarly also for summands which involve q ± µ A . We then arrive at
where in the last line we have performed integration over l ⊥ . Again, in the limit of very large mass m ≫ k 3 we can approximate
Taking into account the above expression, we obtain
that is, the result which depends linearly on both µ A and k 3 as long as µ A ≪ m and k 3 ≪ m.
Appendix C: Derivatives of the overlap Dirac operator over vector and axial gauge fields
In this Appendix we construct the derivatives of the overlap Dirac operators (28) and (32) at finite chemical or chiral chemical potentials with respect to the vector and axial gauge fields. Such derivatives are necessary for the calculation of the axial-vector and vector-vector correlators (26) and (25) . Our aim is to express these derivatives in terms of the derivatives of the local operator H = γ 5 D w which enters the overlap definition (28) and the derivatives of its eigenvalues (C18) and left/right eigenvectors (C19). Since the overlap Dirac operator at finite chiral chemical potential (32) is also defined in terms of the overlap at finite chemical potential µ V , the derivatives of the former can also be expressed in terms of derivatives of H.
To this end let us first express the derivatives of the eigenvectors and eigenvalues of H with respect to the vector gauge field V x,µ in terms of derivatives of H. By differentiating the equations (30) it is easy to arrive at the following relations:
The relations (C2) alone are not enough to completely fix the derivatives of the eigenvectors L i | and |R i . The reason is that there is still an ambiguity in the equations (30) . Namely, one can redefine |R i → e Φi |R i and L i | → L i | e −Φi , with Φ i being arbitrary complex numbers which can have arbitrary dependance on gauge fields. In order to fix this ambiguity, it is convenient to impose an additional condition L i | ∂ V x,µ |R i = 0. With this additional relation, the derivatives of eigenvectors can be written as
The derivative of the sign function sign (H) of the operator H over the vector gauge field V x,µ can be now written as
where we have denoted s i ≡ sign (Re λ i ) for the sake of brevity. The term on the right-hand side in the first line contributes only when one of the eigenvalues λ i crosses the imaginary axis Re λ i = 0. We have found that this never happens in practice, so one can safely omit this term. Using the relations (C3) and (C4), we then arrive at the following representation of the derivative of the overlap Dirac operator (28) over V x,µ :
The derivative of D ov over the axial gauge field A x,µ can be expressed in terms of the above derivative over the vector gauge field using the relation (31) (for details see [58] ). Taking into account that
we obtain from (C6):
In order to calculate the vector-axial correlator (26) we also need the mixed derivative ∂ 
Here the first four summands come from the derivatives of the eigenvectors in (C6), the fifth and the sixth summands come from the derivative of the denominator in (C6) and the last summand comes from the second derivative of H itself. We now turn to the calculation of the derivatives of the overlap Dirac operator at finite chiral chemical potential, which is implicitly defined by the equation (32) . We first have to express the derivatives of D ov (µ A ) in terms of the derivatives ofD ov (µ A ) given by (33) . Direct differentiation of the inverse Ginsparg-Wilson projection (34) yields (for the sake of brevity we omit the argument µ A of D ov andD ov ): The first derivative ∂ V x,µ D ov (µ V ) which enters (C12) has been already calculated and is given by (C6). Differentiating this result once again over V y,ν and using again the relations (C3), (C4) and (C1), we obtain an expression for ∂ V y,ν ∂ V x,µ D ov (µ V ) which is very similar to (C9) except for the factor (1 − s i s j ) which is now replaced by (s i − s j ).
In order to complete the expressions (C6), (C8) and (C9), we also give here explicit formulas for the operator H = γ 5 D w at finite chemical potential µ V as well as for its derivatives over the vector gauge field and its eigenspectrum. In the background of an Abelian vector lattice gauge field V x,µ the operator H reads 
where x, y are the indices of lattice sites,μ denotes the unit lattice vector in the direction µ (so that x ±μ is the index of the lattice site separated from the site x by one lattice spacing in the direction µ) and ρ is the WilsonDirac mass parameter. In this work we are only interested in the derivatives of H over the spatial components of the vector gauge field. It is convenient to express them in terms of the derivatives of a spinor field Hψ, where ψ does not depend on V 
In the basis of plane waves ψ x (k) =
operator H is block-diagonal with respect to k µ . The elements on the diagonal can be written in the following chiral block form:
where ∆ = 2 sin
0 < ρ < 2 is the negative Wilson mass term which is necessary to define the overlap operator and k / = 3 i=1 σ i sin (k i ).
Eigenvalues of H are then given by the eigenvalues of the 4 × 4 matrix (C16) for all possible values of k µ :
where k 2 = Successively using the expressions (25) , (26), (C10), (C11), (C12), (C13), (C6), (C8) and (C9), one can explicitly calculate the vector-vector and the axial-vector correlators (22) and (23) once the spectrum of the operator H is known. In the free case, the eigensystem of H is given by (C18) and (C19). The derivatives of H over the vector gauge field are given by (C15) and (C15).
